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We construct two types of equilibrium dynamics of an infinite particle system in a lo- 
cally compact metric space X for which a permanental point process is a symmetrizing, and 
hence invariant measure. The Glauber dynamics is a birth-and-death process in X, while 
in the Kawasaki dynamics interacting particles randomly hop over X. In the case X = M , 
^ ' we consider a diffusion approximation for the Kawasaki dynamics at the level of Dirichlet 

^.^ ■ forms. This leads us to an equilibrium dynamics of interacting Brownian particles for which 

If^ . a permanental point process is a symmetrizing measure. 

• ; 2010 AMS Mathematics Subject Classification: 60F99, 60J60, 60J75, 60J80, 60K35 

O \ Keywords: Birth-and-death process; Continuous system; Permanental point process; 

Glauber dynamics; Kawasaki dynamics 



O 



%j ■ 1 Introduction 



Let X be a locally compact Polish space and let z/ be a Radon non-atomic measure on 
it. Let F = Tx denote the space of all locally finite subsets (configurations) in X. 

A Glauber dynamics (a birth-and-death process of an infinite system of particles in 
X) is a Markov process on F whose formal (pre-) generator has the form 

(LgF)(7) = Y, dix, 7 \ x)(F(7 \ x) - ^(7)) 

7^ (1.1) 

+ / iy{dx) b{x, 7) (F(7 Ux)- F(7)) , 7 G F. 
Jx 

Here and below, for simplicity of notation we write x instead of {x}. The coefficient 
d{x, 7 \ x) describes the rate at which particle x of configuration 7 dies, while b{x, 7) 
describes the rate at which, given configuration 7, a new particle is born at x. 



A Kawasaki dynamics (a dynamics of hopping particles) is a Markov process on F 
whose formal (pre-) generator is 

(LkF)(7) = J2 c(^' 2/' 7 \ x)iF{^ \xUy)- F{^)), ^eT. (1.2) 

The coefficient c{x, y, 7 \ x) describes the rate at which particle x of configuration 7 
hops to y, taking the rest of the configuration, 7 \ x, into account. 

Equilibrium Glauber and Kawasaki dynamics which have a standard Gibbs measure 
as symmetrizing (and hence invariant) measure were constructed in [191 120] • In |22] . 
this construction was extended to the case of an equilibrium dynamics which has a 
determinantal (fermion) point process as invariant measure, For further studies of 
equilibrium and non-equilibrium Glauber and Kawasaki dynamics, we refer to [21 El El 
El [ini [III [131 [III [151 di El nil [211 [28] and the references therein. 

The aim of this note is to show that general criteria of existence of Glauber and 
Kawasaki dynamics which were developed in [22] are appliable to a wide class of 
a-permanental (a G N) point processes, proposed by Shirai and Takahashi [30]. This 
class includes classical permanental (boson) point processes, see e.g. [SUMj- We will also 
consider a diffusion approximation for the Kawasaki dynamics at the level of Dirichlet 
forms (compare with [15]). This will lead us to an equilibrium dynamics of interacting 
Brownian particles for which an a-permanental point process is a symmetrizing mea- 
sure. As a by-product of our considerations, we will also extend the result of [30] on 
the existence of a-permanental point process. 

2 Equilibrium Glauber and Kawasaki dynamics — 
general results 

Let X be a locally compact Polish space. We denote by B{X) the Borel cr-algebra on 
X, and by Bo{X) the collection of all sets from B{X) which are relatively compact. 
We fix a Radon, non-atomic measure on (X, B{X)). (For most applications, the reader 
may think of X as M'^ and z/ as the Lebegue measure.) 

The configuration space F over X is defined as the set of all subsets of X which are 
locally finite 

F := {7 C X : |7a| < 00 for each A G Bo{X)], 

where | ■ | denotes the cardinality of a set and 7a := 7 fl A. One can identify any 7 G F 
with the positive Radon measure YlxG-y^^^ where e^ is the Dirac measure with mass at 
X and ^a;g0£^a;:=zero measure. The space F can be endowed with the vague topology, 
i.e., the weakest topology on F with respect to which all maps 

F 9 7 h^ (V?, 7) := / ^{x) l{dx) = ^ (p{x), (p G Co{X), 



are continuous. Here, Co{X) is the space of all continuous, real- valued functions on X 
with compact support. We denote the Borel cr-algebra on F by B{r). A point process 
in X is a probability measure on (F, i3(F)). 

We fix a point process /x which satisfies the so-called condition (S'^,) |5l |26], i.e., 
there exist a measurable function r : X x F — )■ [0, +00], called the Papangelou intensity 
of jU, such that 



jJi{d'-)) / 7((ix)F(x, 7) = / lJi{d'-)) I z/((ix) r(x,7)F(x,7 U x) (2.1) 

Jx Jt Jx 

for any measurable function F : X x F — )■ [0, +00]. The condition (S'^,) can be thought 
of as a kind of weak Gibbsianess of /x. Intuitively, we may treat the Papangelou intensity 
as 

r(x,7) =exp[-F(x,7)], (2.2) 

where E{x, 7) is the relative energy of interaction between particle x and configura- 
tion 7. 

To define an equilibrium Glauber dynamics for which /i is a symmetrizing measure, 
we fix a death coefficient as a measurable function d : X x F — )■ [0,+cxd], and then 
define a birth coefficient 6 : X x F — ;■ [0, +00] by 

6(x,7) = (i(x,7)r(a;,7), (a;,7)GXxF. (2.3) 

To define a Kawasaki dynamics, we fix a measurable function c : X^ x F^ — > [0, +00] 
which satisfies 

r{x, 7)c(x, y, 7) = r{y, -f)c{y, x, 7), (x, y, 7) G X^ x F. (2.4) 

Formulas (12. 3p and (12.41) are called the balance conditions [T3l [H] . We will also assume 
that the function c(x,?/,7) vanishes if at least one of the functions r(x,7) and r{y,'y) 
vanishes, i.e., 

c{x,y,-f) = c{x,y,-f)x{r>o}{x,i)x{r>o}{y,l)- (2.5) 

Here, for a set A, xa denotes the indicator function of A. We refer to [221 Remark 3.1] 
for a justification of this assumption, which involves the interpretation of r{x, 7) as in 
(12. 2p . see also Remark 12.41 below. 

We denote by J^Cb(Co(X), F) the space of all functions of the form 

F 9 7 ^ F(7) = giicp^, 7), . . . , (y;^, 7)), (2.6) 

where N e N, ipi, . . . ,(fN ^ Co{X) and g e Cb(M^). Here, Cb(K^) denotes the space 
of all continuous bounded functions on M^. We assume that, for each A G Bo{X), 

yu((i7) / 7((ia;) (i(a;, 7 \ x) < 00, (2.7) 

r Ja 



H{d-f) / 7(rfx) / u{dy)c{x,y,-f\x){xA{x) + XA{y)) <oo. (2.8) 

r Jx Jx 

As easily seen, conditions ( 12 .Tp and fl2.8p are sufficient in order to define bilinear forms 
So{F, G): = j /i(rf7) j l{dx) d{x, 7 \ x){F{^ \ x) - F{^)){G{^ \ x) - ^(7)), 

S^[F,G): = ]- f fiid^) f ^(dx) I u{dy)c{x,y,-f\x){F{^\xUy)-F{-f)) 

x(G(7\xUy)-G(7)), 

where F,G e J^Cy,{Co{X), T). 

For the construction of the Kawasaki dynamics, we will also assume that the fol- 
lowing technical assumptions holds: 



3u,t;GM \/AeBo{X): 



2,. ^ . (2-9) 



-f{dx) / u{dy) r{x, 7 \ a;)"r(?/, 7 \ xyc{x, y,'^\y) eL (F, ^i) < cx). 
A Ja 

Note that in formula fl2.9p and below, we use the convention ^ := 0. 
The following theorem was essentially proved in [22]. 

Theorem 2.1. (i) Assume that a point process fi satisfies (12. ip . Assume that condi- 
tions ([23D, (D, respectively (^, ([23]), (^, and (^Ml are satisfied. Let tj = G,K. 
Then the bilinear form (£^jj, J-'Cb(Co(x), F)) is closable in L'^{T,fi) and its closure will 
be denoted by {S^,D{Sij). Further there exists a conservative Hunt process (Glauber, 
respectively Kawasaki dynamics) 

M« = (n\P, (j-«),>o, (ef),>o, (x«(t)),>o, (P« 



on F which is properly associated with {Sf^,D{S^)), i.e., for all (^-version of) F G 
L2(F,/x) andt>0 

T3-f^ p\F{^) := [ F(X«(t)) dP^ 

is an S'^-quasi continuous version of exp(tL^)F, where (— i^j, D{L^)) is the generator of 
(6^j, D(fjj)). M" is up-to ^-equivalence unique. In particular, M" is ^-symmetric and 
has fi as invariant measure. 

(a) M" from (i) is up to fx-equivalence unique between all Hunt processes 

M' = {n',r, (j-;)i>o, iedt>o, (x'(t)),>o, (p;),er) 

on F having /i as invariant measure and solving a martingale problem for (Lj, D{L^)), 
i.e., for all G G D{H^) 

G(X'(t)) - G(X'(0)) - [ (LjG')(X'(s)) ds, t > 0, 

Jo 
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is an [J^D -martingale under P' for S^-q.e. 7 G F. Here, G denotes an £^-quasi- 
continuous version ofG. 

(Hi) Further assume that, for each A G Bq{X), 

-f{dx) d{x, 7 \ x) G L2(r, /i), / u{dx) b{x, 7) G ^^(r, /i), (2.10) 

A Ja 

in the Glauber case, and 

l{dx) I z/(rfy)c(x,?/,7\x)(xA(a;) + XA(y)) e L2(r,/i) (2.11) 

X Jx 

in the Kawasaki case. Then J^Cb(Co(X), F) C D{L^), and for each F G J-'Gh{Go{X), T), 
L^F is given by formulas (11.11) and (ll.2p . respectively. 

Remark 2.1. We refer to |24j for an explanation of notions appearing in Theorem 12.11 
see also a brief explanation of them in [22] . 

Proof of Theorem \2.1[ The statement follows from Theorems 3.1 and 3.2 in |22j. Note 
that, although these theorems are formulated for determinantal point processes only, 
their proof only uses the (S^) property of these point processes. Note also that condi- 
tion (12. 9p is formulated in [22] only for f = 1, however the proof of Lemma 3.2 in [22] 
admits a straightforward generalization to the case of an arbitrary f G M. D 

Remark 2.2. Part (iii) of Theorem 12.11 states that the operator (— Lj,D(Lj)) is the 
Friedrichs' extention of the operator (— Lj, J^Cb(Co(X), F)) defined by formulas (II. ip . 
(II. 2p . respectively. 

Let us fix a parameter s G [0, 1] and define 

d(x,7) : =r(x,7)^-^X{r>o}(a;,7), (a;,7) e X x F, (2.12) 

6(x, 7) : = r(x, 7)'X{r>o}(2;, 7), (a^, 7) e X x F, (2.13) 

c{x, y, 7) := a{x, y)r{x, -fY'^riy, 7)'X{r>o}(a;, l)X{r>o}{y, 7), ^^ -... 

Here the function a : X^ — > [0, +00) is bounded, measurable, symmetric (i.e., a{x,y) = 
a{y,x)), and satisfies 



sup / a{x,y) iy{dy) < 00. (2-15) 

xex J X 

Note that the balance conditions (12. 3p and (12. 4p are satisfied for these coefficients, and 
so is condition (12. 5p . 

Remark 2.3. Note that, if X = M"^ and a{x,y) has the form a{x — y) for a function 
a : M'' — >■ [0,00), then condition (I2.15P means that a G L^iW^^dx). (Here and below, 
in the case X = M"^, we use an obvious abuse of notation.) 



Remark 2.4. Using representation fl2.2p . we can rewrite formulas fl2.12p - fl2.14p as fol- 
lows: 

d{x, 7 \ a;) = exp[(l - s)E{x, 7 \ x)]x{E<+oo}ix, 7 \ x), 
b{x, -f\x) = exp[-sE{x, 7 \ x)]x{E<+oo}ix, 7 \ x), 
c{x, I/, 7 \ x) = a{x, y) exp[(l - s)E{x, 7 \ a;) - sE{y, 7 \ x)] 
X X{E<+oo}(a;, 7 \ x)x{E<+o^}{y, l\x). 

So, if the corresponding dynamics exist, one can give the following heuristic description 
of them: Both dynamics are concentrated on configurations 7 G F such that, for each 
X G 7, the relative energy of interaction between x and the rest of configuration, 7 \ x, 
is finite; those particles tend to die, respectively hop, which have a high energy of 
interaction with the rest of the configuration, while it is more probable that a new 
particle is born at y, respectively x hops to y, if the energy of interaction between y 
and the rest of the configuration is low. 

Let us assume that the point process /i satisfies: 



yAeBoiX): f -f{dx) E L^iT, 
Ja 



/i). 



Then, by choosing u = 1 — s and v = —s in fl2.9p . we conclude that the coefficient c 
given by fl^TTi]) satisfies fl^ . 

We will construct below a class of point processes /i for which the coefficients d, b 
and c given above satisfy the other conditions of Theorem 12.11 

3 Permanental point processes and corresponding 
equilibrium dynamics 

Let K he a linear, bounded, self-adjoint operator on the real space L'^{X, v). Further 
assume that i^ > and K is locally of trace class, i.e., Ti{P;s.KPt^ < 00 for all 
A G Bo{X), where Pa denotes the operator of multiplication by xa- Hence, each 
operator Pj^y/K is of Hilbert-Schmidt class. Following [23] (see also ^1 Lemma A. 4]), 
we conclude that a/a is an integral operator whose integral kernel, >c{x,y), satisfies 



I I u{dx)u{dy)>i{x,yY <oo for all AeBo{X). (3.1) 

In particular, 

x(x, ■) G L'^{X, v) for z/-a.a. x G X. (3.2) 



Hence, K is an integral operator whose integral kernel can be chosen as 

k{x,y)= / >c{x,z)K{z,y)u{dz) 
Jx 

= / >c{x,z)x{y,z)u{dz) = {x{x,■),>c{y,■))L^x,u)■ 
We also have, for each A G Bo{X), 

^[.idx)[.idyMx,yr^[Hx,x).id.)., 

J A Jx J A 

where || ■ ||hs denotes the Hilbert-Schmidt norm. 



(3.3) 



(3.4) 



Proposition 3.1. There exists a random field {Y{x))x£x on a probability space [Q, A, P) 
such that the mapping 

X xn3 {x,Lo)^Y{x,uj) (3.5) 

is measurable, and for u-a.a. x & X , Y{x) is a Gaussian random variable with mean 
and such that 

E{Y{x)Y{y)) = k{x,y) for u^'^-a.a. {x,y) e X^ and u-a.a. x = y e X. (3.6) 

Remark 3.1. The statement of Proposition 13.11 is well-known if the integral kernel of 
the operator K admits a continuous version (see e.g. Theorem 1.8 and p. 456 in [20] )• 
In the latter case, {Y{x))x^x is a Gaussian random field and formula (13. 6p holds for all 

{x,y)eX\ 

Proof of Proposition \3.1[ Consider a standard triple of real Hilbert spaces 

Here the Hilbert space H^ is densely and continuously embedded into Hq, the inclusion 
operator H+ ■— )■ Hq is of Hilbert-Schmidt class, and the Hilbert space if_ is the dual 
space of if+ with respect to the center space Hq (see e.g. p]). 

Let P be the standard Gaussian measure on H_, i.e., the probability measure on 
the Borel a-algebra B{HJ) which has Fourier transform 



e*<'^'^> ¥{duj) = exp 



H- 



1.. ^,2 



2 



Ho 



feH, 



where {u, f) denotes the dual pairing between u G H^ and / G if+ . Then the mapping 
iJ+ 9 / — 7- (■, /) can be extended by continuity to an isometry 

I ■.Ho^L'^{H^,F). (3.7) 



For any f E Hq we denote (■,/) := //. Thus, for each / G Hq, (■,/) is a (complex) 
Gaussian random variable with mean and for any f,gE Hq 

{u,f){u,g)ndu) = if,g)L2^x,.). (3.8) 



H- 



Thus, by (I3.2p . we set for u-a.a. x E X, Y{x,ll!) := {u,k{x,-)). Hence Y{x) is a 
Gaussian random variable and by (13. 3p and (13. 8p . (13. 6 p holds. 

Hence, it remains to prove that there exists a random field Y = (Y{x))xex for 
which the mapping (13. 5p is measurable and such that Y{x, u) = Y{x, u) for u (8> P-a.a. 
{x,ijj). To this end, we fix any A G Bo{X) and denote by B{A) the trace a-algebra of 
B{X) on A. We define a set V\ of the functions u : A x X — )■ M of the form 

n 

u{x,y) = ^XAA^)fi{y), (3.9) 

where Aj G B{A), fi G H^, i = 1, . . . ,n. Define a linear mapping 

/a :I?a^L2(Ax if_,z/(g)P) (3.10) 

by setting, for each u G V^ of the form (13. 9p . 

n 

(Jam) (x, w) = ^ xa, (x) (w, /i) , (x, w) G A x if _ . 

Clearly, Ja can be extended to an isometry 

Ja : L\A X X, z/®2) ^ ^^(A xH_,u0 P), 

and we have Ja = 1a®/, where 1a is the identity operator in L'^{A, v) and the operator 
/ is as in (13. 7p . 

Fix any m G L^(A x X, z/®^). As easily seen, there exist a sequence (un)5^i C X'a 
such that u„ — )■ M in L^(A x X, z/*^^) and for z/-a.a. x G A, Un(a^, ■) -^ u{x, ■) in L^(X, v) 
Hence, for z/-a.a. x G A, I\Un{x, ■) — t- Iau{x, ■) in L'^{H_, P), which implies 

(/Au)(x,a;) = (cj, u(x, ■)) for P-a.a. tj G i/^ . (3.11) 

Now, denote by x\ the restriction of x to the set A x X. For z/-a.a. x G A, we 
define 1a(x) := (/aXa)(x, •). Hence, by (13. lip , for u-a.a. x G A, Y\{x) = Y{x) P-a.e. 
Finally, let (A„)~^i C Bo{X) be such that A„ fl A^ = if n 7^ m and U^=i^n = X. 
Setting y(x) := Y\^{x) for i/-a.a. x G A„,n G N, we conclude the statement. D 



Let y be a random field as in Proposition 13.11 For each A G Bo{X), we have 



E ( / Y{xy p{dx) J = / ¥.{Y{xY) iy{dx) 



iy{dx) / v{dy)x{x,y) < oo. 
A Jx 

In particular, the function Y{xY is locally i^-integrable P-a.s. Let / G N and let (^2, A, P) 
be a probability space on which / independent copies Yi, 1^2, • • • , ^ of a random field 
Y as in Proposition 13.11 are defined. Denote by /x^'^ the Cox point process on X with 
random intensity g^^\x) = Yli=i^ii^Y^ which is locally z/-integrable P-a.s. Thus, /i'-'-' 
is the probability measure on (r,i3(r)) which satisfies 

/x«(rf7)i^(7) = / P(rf^) /vr,(0(.,.).(,.)(^7)i^(7) (3.12) 

r Jn Jr 

for each measurable function F : P — )■ [0, +oo]. Here, for a locally i/-integrable function 
g : X ^ [0, +oo), we denote by T^g[x)u(dx) the Poisson point process in X with intensity 
measure g{x)i'{dx), see e.g |5]. This is the unique point process in X which satisfies 
the Mecke identity 

'^g{x)u{dx){d'y) / 7(c?x)F(x,7) = TTg(cc)uidx){d'y) / u{dx)g{x)F{x,'yUx) (3.13) 
Jx Jr Jx 

for each measurable F : X x P — > [0,+oo]. By f l3.12p and f l3.13p (compare with e.g. 
[27]), for each / G N, the point process jU^'^ satisfies condition (S[,) and its Papangelou 
intensity is given by 

r«(a;,7) = E(^«(x) | T){^) = e(^J2^,{x)' \ J^){^). (3.14) 

Here E denotes the (conditional) expectation with respect to the probability measure 

F{duj, c?7) = P(rfw) 7^g(i)(^x,^)^(dx){dl) (3.15) 

on i7 X P, while J-" denotes the cr-algebra on fi x P generated by the mappings 

fix P9 (u;,7) ^F(7) eR, 

where F : P — )■ M is measurable. 

Recall that a point process /i in X is said to have correlation functions if, for each 
n E N, there exist a non-negative, measurable, symmetric function fc/T on X" such 



that, for any measurable, symmetric function /" : X" — )■ [0, +00], 

/*^"^(xi,...,x„)/c^"^(a;i,...,x„)z/(dxi) •• ■z/(rfa;„). 



{xi,...,Xn}C^ 



(3.16) 



X" 



As well known (e.g. |5]), for a locally z/-integrable function g : X —^ [0,+oo), the 
Poisson point process Tig{x)y(dx) has correlation functions 

k'^^\x^,...,xn) = g{xi)---g{xn). (3.17) 



Let us recall the notion of a-permanent [31], called a-determinant in [30]. For a 
square matrix A = {aij)^-^ and a G M, we set 



per„A:= J]a"— (-^H' 



^jcr(i) 5 



ere 5,1 



where S'„ is the group of all permutations of {1, . . . , n} and m{a) denotes the number 
of cycles in a. In particular, per^ A is the usual permanent of A, while per_^ A is the 
usual determinant of A. Analogously to [201 subsec. 6.4], we conclude from (I3.12p . 
(I3.16P and 03.17P that the point process /i'-'-* has correlation functions 



Sn) 



A:^7^(xi, . . . ,a;„) = peri(/A;(x„x,))" for i/^'^-a.a. (xi, . . . ,a;„) e X". (3.18) 



fiv 



For / = 2, the point process /i*^^^ is often called a boson point process, see e.g. [5l [23] . 
Thus, we have proved the following 

Proposition 3.2. For each I E N, there exists a point process /i^'^ in X whose correla- 
tion functions are given by (I3.18p . The /i'^'-' satisfies condition {T^D and its Papangelou 
intensity is given by (I3.14p . 



Remark 3.2. Recall that in [30], under the same assumptions on the operator K, the 
existence of a point process with correlation functions (13.180 was proved for even / G N, 
and for odd / G N the statement of Proposition 13.21 was proved under the additional 
assumption of continuity of the integral kernel k{-,-). 

We will now prove that, for a point process /i*^'-* as in Proposition 13.21 Glauber and 
Kawasaki dynamics with coefficients (I2.12p . (12.130 and (12.140 . respectively exist. 

Theorem 3.1. (i) For each point process fi^'-^ as in Proposition {37^ the coefficients 
d{x,'y) andb{x,'y) defined by (I2.12p and (I2.13p . satisfy conditions (12. 3 p and (12. 7p and 
so statements (i) and (ii) of Theorem \2.1\ hold, in particular, a corresponding Glauber 
dynamics exists. 

10 



(a) Assume additionally that k{x,x) is bounded outside a set A G Bo{X). Then 
for a point process fi^''^ as in Proposition \3/^ the coefficient c(x, y, 7) defined by fl2.14p . 
satisfies (12 ■4p . fl2.5p . fl2.8p and (12 .90 . and so statements (i) and (ii) of Theorem \2.1\ 
hold, in particular, a corresponding Kawasaki dynamics exists. 

Proof. We start with the following 

Lemma 3.1. For each n G N and for v-a.a. x E X 

r{x,^rf,{d^)<^^k{x,xr. (3.19) 

p Z Til 

Proof. Using Jensen's inequality for conditional expectation and the formula for mo- 
ments of a Gaussian measure (see e.g. [21 Chapter 2, Section 2, Lemma 2.1]), we have 

/"r(a;,7)"/i(t/7) = E(E{Y{xf \ J^)") < E(E(F(x)2" | J^)) 

= nYixr) < Sii-(x,-)iii"(x.) = Sr^(-'-)" 



for z/-a.a. a; G X. D 

We will only prove statement (ii) of Theorem 13. H as the proof of statement (i) is 
similar and simper. Also, for simplicity of notation, we will only consider the case / = 1 
(for / > 1 the proof being similar). We will also omit the upper index (1) from our 
notation. By (12. ip we have, for each A G Bo{X), 

Kdl) / lidx) / u{dy)c{x,y,-f\x){xA{x) + XA{y)) 
Jr Jx Jx 

fi{d-f) / u{dx) / u{dy)r{x,j)c{x,y,-f){xA{x) +XA{y)) 
Jx Jx 



Kdl) / i^idx) / iy{dy)a{x,y)r{x,-fyr{y,-fyx{r>o}ix,-f) 
r Jx Jx 

X X{r>0}{y,l){XA{x) + XA{y)) (3.20) 

< / ^(c/7) / i^idx) / u{dy)a{x,y)r{x,-fyr{y,-fy{xAix)+XAiy)) 
Jr Jx Jx 

= 2 fi{dj) / u{dx) / u{dy)a{x,y)r{x,-fyr{y,jy 
Jr J A Jx 



<2 i2{d-f) / iy{dx) / z/((iy)a(x,|/)(l + r(x,7))(l + r(y,7)). 
Jr Ja Jx 

By (EISl) 

/ n{d'y) / iy{dx) / iy{dy) a{x,y) < 00. (3.21) 

Jr Ja Jx 
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Below, Cj, i = 1,2,3,..., will denote positive constants whose explicit values are not 
important for us. We have, by fl2.15p 



Kd-f) / i^{dx) / i^{dy)a{x,y)r{x,-f) 

J A J X 

Kdl) / z/(rfx)r(x,7)( / u{dy)a{x,y) 



JA ^JX 

<Ci I /i(c?7) / v{dx)r{x,'^) 

= Ci /i(rf7) / ^{dx) = Ci k{x,x) iy{dx) < cxo. 
Jr J A J A 



(3.22) 



Next, by f lXTij) 

fi{dj) / u{dx) I u{dy)a{x,y)r{y,j) 



X 



u{dx) I iy{dy)a{x,y) / fi{d-f)r {y , -/) 
A Jx Jr 



v{dx) / iy{dy)a{x,y)k{y,y) (3.23) 



X 



v{dx) / u{dy)a{x,y)k{y,y)+ / u{dx) / v{dy) a{x,y)k{y,y) 



< C2 / //((ix) / iy{dy)k{y,y) + Cs / z/(dx) / p{dy) a{x,y) < 00, 

J A J A J A JA'= 

where we used that the function a is bounded and k{y, y) is bounded on A'^. Analo- 
gously, using Lemma 13. Ij we have 

Kdl) I ^{dx) / u{dy)a{x,y)r{x,j)r{y,-f) 



< / u{dx) / ly{dy)a{x,y)\\r{x,■)\\L^^,)\\r{y,■)\\L2(^^^) 

J A Jx 

< C4 / ^{dx) I ^{dy) a{x,y)k{x^x)k{y,y) (3.24) 

Ja Jx 

< C5 / u{dx)k{x,x) / u{dy)k{y,y) 

Ja J a 



+ Cq iy{dx)k{x^x) / ^{dy) a{x,y) < 00. 
Ja J A'' 

Thus, by (I3.20I) - (I3.24I) . the theorem is proven. D 
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Theorem 3.2. (i) Let s G [|, l] , and let the conditions of Theorem \3.1\ (i) he satisfied. 
Then the coefficients d{x,'y) andb{x,'y) defined by f l2.12p and fl2.13p . satisfy condition 
fl2:T0|) . Thus, TC^{Co{X),T) C D{Lg), and for each F e J^Cb{Co{X),T), LqF is 
given by formula (11 .ip . 

(a) Let s G [|, l] , and let the conditions of Theorem \3.1\ (ii) be satisfied. Further 
assume that either 

VA G Bq{X) 3A' G Bq{X) Va; G a Vy G (A')" : a(x, y) = 0, (3.25) 

or 

/ k{x,xyiy{dx) < oo, (3.26) 

Ja 

where A is as in Theorem \3.1\ (ii). Then the coefficient c{x, y, 7) defined by (I2.14p . sat- 
isfies condition fl2ll]) . Thus, J'Cb(Co(X), T) C D{Lk), and for eachF G J'Cb(Co(X), T), 
Lk-F «s g'Zf en by formula (II. 2p . 

Remark 3.3. If X = M'^ and the function a is as in Remark 12. 3[ then condition (I3.25P 
means that the function a has a compact support. 

Proof of Theorem VJ.'A We again prove only the part related to Kawasaki dynamics 
and only in the case I = 1, omitting the upper index (1) from our notation. We first 
assume that (I3.25P is satisfied. Since the function a is bounded and satisfies (I3.25p . it 
suffices to show that, for each A G Bo{X), 

.,..) / .(*).-(...\.)'-r(,.0A.)'X.>0,(..0A.)X,.>«,(...\.) e LH,, (3.27, 
Ja 

We note that, for s G [|, l], 2s — 1 G [0, 1]. Therefore, by the Cauchy inequality, we 
have 



l^{dl)( / l{dx)r{x,-f\xy \{r>o}{x,l\x) 

< / fi{d-f) / -f{dx)r{x,'y\x)^'^'~^\{r>o}{x,j\x) 
Jt Ja 

X ( / u{dy)r{y,-f\xyx{r>o}{y,7\x)) 7(A) 



/i(rf7) / z/(c?x)r(x,7)2' ^X{r>o}(a;,7) 
T Ja 

X U u{dy)r{y,-fyx{r>o}{y,l))\l{^) + 1) 



13 



< j f^{dl)[j z/(rfx)(l + r(a;,7))) (7(A) + 1) 

< ( Um[l ^{dx){l+rix,^)))y\ /"Mrf7)(7(A) + l)')'^'. (3.28) 
By Lemma 13.1^ we have, for each n G N, 

/i(c?7)( / z/(c/x) r(x,7) 

z/((ixi)--- / i/((ix„) / /i((i7)r(xi,7)---r(x„,7) 

(3.29) 



< / p{dxi)--- / z^(rfx„)||r(xi,-)||Ln(^)--- ||r(a;„,-)||L"(M) 

JA JA 

(2n)! 



< 



2"n! 



\ n 

z/((ix)A;(x,x) j < 00 



Now, (13:271) follows from fl3:28|) and ([329]). 

Next, we assume that f l3.26p is satisfied. We fix A G Bq{X) and denote 

u{x,y) := a{x,y){xAix) +XA(a;)). 

Then, by the Cauchy inequality, 

fi{d-f){^ j{dx) u{dy)u{x,y)r{x,-f\xy~\{r>o}{x,-f\x) 
X r{y,-f \ xyx{r>o}{y,l \ x) 

r Jx J X 

x^(2/,7)^'X{r>o}(y,7) / {l + e.^){dx') / u{dy') u{x',y') 

Jx Jx 

< fi{d-f) / u{dx) / u{dy)u{x,y){l + r{x,-f)){l + r{y,-ff 
Jt Jx Jx 

X ( / l{.dx') I u{dy')u{x',y')+ / u{dy')u{x,y')j. 
By (12. 151) . it suffices to prove that 



, 2 

\2\ 



Ai(o!7) / z/(rfx) / z/(di/)u(x,i/)(l + r(x,7))(l + r(y,7)')) < cx), (3.30) 

r ^^x Jx 
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/^('^7) ( / lidx) / iy{dy)u{x,y)] < oo. (3.31) 

We first to prove fl3.3ip . We have, by Proposition I3.2[ 

-f{dx) I u{dy)u{x,y) 
r ^Jx Jx 

^{dy) I i^{dy') / ^{d'^) I '~f{dx) / 'y{dx')u{x,y)u{x',y' 
X Jx Jv Jx Jx 

v{dy) / v{dy') / ii{d'^)[ / '^{dx)u{x,y)u{x,y') 
X Jx Jv ^Jx 



+ / 7(rfx) / {'^ - e^){dx')u{x,y)u{x' ,y')j 



+ / v{dx) I iy{dx') - k{x,x)k{x' ,x')u{x,y)u{x',y') 
Jx Jx 2 

I'idy) / vidy') I iy{dx) k{x,x)u{x,y)u{x,y') 

2 



< / v{dx)k{x,x){ I iy{dy)u{x,y)] 



+ Ct u{dy) / u{dy') / u{dx)u{x,y)u{x,y') 
Jx Jx Jx 

+ -[ / i'{dx)k{x,x) / v{dy)u{x,y) + C-j / z^((iy) / v{dx)u{x,y)\ < oo. 
Next, we prove f l3.30p . By Lemma [3A] and f l3.26p . we have 

/i(rf7)( / z/((ix) / z/((i?/)u(a;,|/)(l + r(a;,7))(l + r(y,7)^) 

v{dx) I v{dx') I ^{dy) I iy{dy')u{x,y)u{x',y') 
X Jx Jx Jx 

X / fi{d-f){l + r{x, 7))(1 + r(x', 7))(1 + r{y, 7)2)(1 + r{y', 7)^) 



r 



< / u{dx) / u{dx') / z/(rf?/) / u{dy')u{x,y)u{x',y'){l + \\r{x,-)\\Li(f^)) 
Jx Jx Jx Jx 
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X (1 + ||r(x', OlU^c^)) (1 + My, OIl^c^)) (1 + \\r{y\ O'lU^c^)) 
<Csn u{dx) u{dy)u{x,y){l + k{x,x)){l + k{y,yy)^ < cx). 

Thus, the theorem is proven. D 



4 Diffusion approximation 

From now on, we set X = M'^, (i G N, and z/ to be Lebesgue measure. We will show that, 
under an appropriate scaling, the Dirichlet form of the Kawasaki dynamics converges 
to a Dirichlet form which identifies a diffusion process on F having a permanental point 
process /i*^'^ as a symmetrizing measure. The way we scale the Kawasaki dynamics will 
be similar to the ansatz of J15j . 

We denote by J^C^{C^{R'^), F) the space of all functions of the form (12.61) where 
N eN, ipi,...,ipN e C~(R°') and g e C^(M^). Here, C^iR"^) denotes the space of 
smooth functions on M!^ with compact support, and C{f (M^) denotes the space of all 
smooth bounded functions on R^ whose all derivatives are bounded. Clearly, 

^C~(Co°"(M"),F) C ^a(Co(M^),F), 

and the set J^C^{C^{R'^),r) is a core for the Dirichlet form {Sk,D{Sk))- 

We fix s = 1/2. Let us assume that the function a{x,y) is as in Remark 12.31 Thus, 
the coefficient c{x,y,'~f) has the form 

c{x, y, 7) = a{x - y)r{x, -iY^'^r{y, if'^X{r>o}{x, 7)X{r>o}(2/, 7)- (4-1) 

Note that y — x describes the change of the position of a particle which hops from x 
to y. We now scale the function a as follows: for each e > 0, we denote 

a,{x) := e-'^-^aixje), x G W^. (4.2) 

The Dirichlet form (£^k, -D(i^K)) which corresponds to the choice of function a as in 
(OD will be denoted by {Ee,B{E^)). 

Theorem 4.1. Assume that the function a has compact support, and the value a{x) 
only depends on \x\, i.e., a{x) = d{\x\) for some function a : [0, cxd) — )■ R. Further 
assume that the function x{x, y) has the form x{x — y) for some x : R'^ — )■ C, and 

lim / (x(a;) - x(x + y))^ dx = 0. (4.3) 

For each I e N, define a MUn ear form {So,TC^{C^{M.'^),T)) by 

So{F,G) :=c f fi'-'^d-f) [ dxr(x,7)(V,F(7Ux),V,G(7Ua;)). (4.4) 
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Here 

c := — a{x)x1 dx 
2 Jud 

(xi denoting the first coordinate of x & W'-), Vx denotes the gradient in the x variable, 
and (•, •) stands for the scalar product in W^ . Then, for any F,G E J^C^{C^(M.'^), T), 

£e{F,G)^So{F,G) ase^O. 

Remark 4.1. Assume that the function x is differentiable on M*^. Denote 

K{x,S):= sup |Vx(|/)|, xeR"^, 6 > 0. 

yeB{x,5) 

Here B[x,6) denotes the closed ball in R'^ centered at x and of radius 6. Assume that, 
for some S > 0, 

K{-,5) eL\R'^,dx). (4.5) 

Then condition (14. 3 p is clearly satisfied. Note that condition (14. 5 p is slightly stronger 
than the condition |Vx| G L'^{R'^,dx). 



Proof of Theorem 4^.1. Again we will only present the proof in the case / = 1, omitting 
the upper index (1). We start with the following 

Lemma 4.1. Fix any A G Bq{W^) and a G (0,1]. Then, under the conditions of 



Theorem 4-1 



r(x + e|/,7)° -)■ r(x,7)" in L'^ (T x A x R''- , fi{d'y) dx dy a(y)) as e -^ 0. 

Proof. We first prove the statement for a = 1. Thus, equivalently we have to prove 
that 

r{x+6y,'y) ^ r{x,'y) in L'^{QxrxAxR'^,F{duj,d'y)dxdya{y)) as e -)■ 0. (4.6) 

We have, using Jensen's inequality for conditional expectation, 

dx / dya{y) I F{du,d^) {r{x + ey) — r{x,'y))'^ 

= f dx f dya{y) I f{du,d-i)'E{Y{x + eyf-Y{xf\J^f 



(4.7) 



< dx dya{y) / F{du,d-f){Y{x + eyY -Y{x 

'a JRd JqxF 



i2\2 



f dx f dya{y) f dF {Y {x + eyf + Y {xf - 2Y {x + eyfY {xf) . 
J k Jr'' Jn 
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Using the formula for moments of a Gaussian measure, we have 



f Yix + eyYdF 
Jn 

= 3( / >i{x + ey ~ uf du 

\ 2 

x{x — uY du 



(4.8) 



YixY rfP. 



Analogously, using condition (14. 3 p and the dominated convergence theorem, we get 



dx / dya{y) / d¥Y{x + eyYY{xy 



dx / dy a{y) I x{x + ey — uf du ■ j x:{x — u'Y du' 
+ 2( / >i{x + ey — u)k{x — u) du\ 
-^ dx dya{y) / dFY{xY as e -> 0. 

JA ilR'' in 



(4.9) 



By (HZD-dlSD, statement (gSD follows. 

To prove the result for a G (0, 1), it is now sufficient to show the following 
Claim. Let {A,A,m) be a measure space and let m{A) < oo. Let fe G L'^{m), 

/e > 0, £ G [—1, 1], and let fe — > /o in L'^{m) as £ — )■ 0. Then, for each a G (0, 1), 

/° ^ /o" in L'^{m) as e -^ 0. 

By e.g. P, Theorems 21.2 and 21.4], /^ — )■ /o in L'^{m) implies that 

(i) fe — )■ /o in measure; 



(ii) sup / /^ dm < oo; 

ee[-i,iM 

(iii) For each 6 > there exist h G L^{m) and (5 > such that, for all < |£:| < 1 and 
for each A & A 



hdm < 6 



fe dm < e. 



Hence, for a G (0, 1), we get 
a) /" — )■ f^ in measure; 
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b) sup / f^"" dm < sup / (1 + fe) dm < oo; 

eel-l,l]J ££[-1,1]"' 

c) Let 9, h, and 5 be as in (iii). Set h' := h + |. Clearly, h E L^{m). Assume that, 
for some A E A, j^ h' dm, < 6. Hence J^ h dm, < 6, and therefore J^ /^ dm, < 6 
for all < l^l < 1. Furthermore, we get /^ | rfm < 5, and therefore m,{A) < 9. 
Now 

^ fe" dm< / (1 + /2) dm < 29. 



^-dm< {l + iT, 

A J A 



Applying again [H Theorems 21.2 and 21.4], we conclude the claim. D 

Fix any F G 7C^{C^{W^), F). We have 
£e{F,F) 
= \ [ Kdl) [ dx [ dye-^-^aiix ~y)/e)r{x,^f'h{y,^f/\F{^Ux) - F{^Uy)f 



2 Jt JK.<i JRd 

Assume that < |£:| < 1. Noting that the function F is local (i.e., there exists A G 
Bo(M'^) such that -F(7) = -F(7a) for all 7 G F) and that the function a has a compact 
support, we conclude that there exists A G Bq{M.'^) such that 



£e{F,F)= / /i(d7) / dx / dyaiy)rix + ey,^Y^\ix,^Y/' 

Jr J A Jm^ ^ ^4_^Q^ 

/-rryuix-i-fct/M — -Ti'yux') \ 

X 



By the dominated convergence theorem 

rfelO'^^( '''^'""'''f "'"''' '^"' )'^r(x,oO'^'(V,F(7Ux).y>^ (4,11) 
in L2(F X a X W^ , jj,{d^) dx dy a{y)) as e -)■ 0. By Lemma |3?I] with a = 1/2, f l4.1Up and 

(EH) 

£,(F,F) ^ ^ //i(d7) /rfx / di/a(y)r(x,7)(V,F(7Ua;),y)2. (4.12) 

Since a(|/) = a(|y|), for any i,j G {1, . . . , d}, i ^ j, we have 

aiy)yiyj dy = 
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and 



c= o / a{y)yfdy, i = l,...,d. 
Therefore, by (Hl2ll . 



Jr Jr'' 

From here the theorem follows by the polarization identity. D 

We will now show that the limiting form {Sq,J'C^{C^(M''-),T)) is closable and its 
closure identifies a diffusion process. 

In what follows, we will assume that the conditions of Theorem 14.11 are satisfied. 
We have 

k{x,y) = / x{x — u) x{y — u) du 

Jm.d 

k{u — y) x{u — x) du = / h(u)h(u + y — x) du. 

Hence, by (14.31) . the function k{x,y) is continuous on (M'^)^. Thus, by Remark |3.H 
{Y{x))x£x is a Gaussian random field and formula (13. 6p holds for all {x,y) G (M'^)^. 
Consider the semimetric 

1 / /■ o . \ V2 



D{x,y): = ^(^J{Y{x)-Y{y)fd¥) 



^{k{x,x) + k{y,y)-2k{x,y)Y^' (4.13) 

\ 1/2 

x{u) {>t:{u) — h{u + y — x)) duj , x,y eM . 

The associated metric entropy H{D,6) is defined as H{D,6) := \ogN{D,6), where 
N{D,6) is the minimal number of points in a 6-net in -8(0, 1) = {s G M"^ | \x\ < 1} 
with respect to the semimetric D, i.e., points Xi such that the open balls centered at 
Xi and of radius S (with respect to D) cover B{0, 1). The expression 



J{D) := f ^/H{D,5)dS 
Jo 



is called the Dudley integral. The following result holds, see e.g. [U Corollary 7.1.4] 
and the references therein. 

Theorem 4.2. Assume that J{D) < oo. Then the Gaussian random field {Y{x))x(zTgid 
has a continuous modification. 
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Remark 4.2. Let x be as in Remark 14. 1[ Then, by fl4.13p . for any x,y E -8(0, 1) 
Dix,yy <\\>c{-)\\L2(^Rd^ax)\ / (^iu) - >i{u + y - x)f du) 

where we assumed that K{-,2) G L^(M"',(ix). Then J{D) < oo, see e.g. [4, Exam- 
ple 7.1.5]. 

Denote by F the space of all multiple configurations in M'^. Thus, F is the set of all 
Radon Z+ U {+oo}-valued measures on R'^, In particular, F C F. Analogously to the 
case of F, we define the vague topology on F and the corresponding Borel cr-algebra 
B{t). 

Theorem 4.3. Let x{x,y) be of the form x[x — y) for some k G L^(]R'^, dx). Let 
J{D) < oo. Let I eN and c> 0. Then 

(z) The bilinear form {So, J^C^{C^{'R'^),T)) defined by dO]) is closable on L'^{T, ^C)) 
and its closure will be denoted by {£o,D{Sq)). 

(a) There exists a conservative diffusion process 

M° = ((]°,.F°, (J-°),>o, (e°),>o, (X°(t)),>o, (P°),,f) 

on T which is properly associated with {Eq, D[8q)). In particular, M° is jj.'^'-'^ -symmetric 
and has fi^''^ as invariant measure. In the case d > 2, the set F \ F is S'^ -exceptional, 
so that F may be replaced by with F in the above statement. 

Proof. We again discuss only the case / = 1, omitting the upper index (1). By (14. 4p . 
for any F, G G TC^{C^{R^), F), 

£o{F,G) = c f F{du,d-f) I dxt{Y{x,Lof \ J^)(V:,.F(7 Ux), V^G(7 U x)) 

'uj,d'y) / dxY{x,uy ^ ' ' 



X (V.(F(7 U x) - F(7)), V.(G(7 U x) - ^(7))). 

Fix (w,7) G fi X F. Denote 

/(x) := F(7 U x) - F(7), ^(x) := ^(7 U x) - ^(7). 

Clearly, f,gE C^(M^). In view of Theorem 14. 2^ Y{x,uY is a continuous function of 
X G M"^. Hence, by [6l Theorem 6.2], the bilinear form 

£{f,g):= f {Vf{x),Vgix))Yix,ufdx, f,geC^{R''), 
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is closable on L'^(R'^, \Y{x,uj)\'^ dx). Now the closability of {£o,J^C^{C^(m'^),T)) on 
L^(r, /i*^')) follows by a straightforward generalization of the proof of [SI Theorem 6.3]. 
Part (ii) of the theorem can be shown completely analogously to [25| [29] . see also 
EOl. D 



Remark 4.3. Heuristically, the generator of {So,D{So)) has the form 

(LF) W = 5: (A.Fh) + (^f^^ . V.f W 

^-^ \ \ r x,7 \ X) 

Here, for a; G 7, 'VxF{'j) := VyF{'j\xUy)\ ^^ and analogously A^. is defined. However, 
we should not expect that r{x,'~f) is differentiable in x. 
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